Abstract: in this paper, we prove that the wrapped Butterfly digraphWBF(d; n) of degree d and dimension n contains at least d?1 arc-disjoint Hamilton circuits, answering a conjecture of D. Barth. We also conjecture thatWBF(d; n) can be decomposed into d Hamilton circuits, except for {d = 2 and n = 2}, {d = 2 and n = 3} and {d = 3 and n = 2}. We show that it suffices to prove the conjecture for d prime and n = 2. Then, we give such a Hamilton decomposition for all primes less than 12000 by a clever computer search, and so, as a corollary, we have a Hamilton decomposition ofWBF(d; n) for any d divisible by a number q, with 4 q 12000.
Introduction and notation

Butterfly networks
M any interconnection networks have been proposed as suitable topologies for parallel computers. Among them the Butterfly networks have received particular attention, due to their interesting structure.
First, we have to warn the reader that under the name Butterfly and with the same notation, different networks are described. Indeed, while some authors consider the Butterfly networks to be multistage networks used to route permutations, others consider them to be point-to-point networks. In what follows, we will use the term Butterfly for the multistage version and we will use Leighton's terminology [13] , namely wrapped Butterfly, for the point-to-point version. Furthermore, these networks can be considered either as undirected or directed. To be complete, we recall that some authors consider only binary Butterfly networks ? the restricted class of networks obtained when the out-degree is 2 (directed case) or the degree is 4 (undirected case).
In this article, we will use the following definitions and notation. Z q will denote the set of integers modulo q. (For definitions not given here see [15] ). Definition 1. 1 The Butterfly digraph of degree d and dimension n, denotedBF(d; n) has as vertices the ordered pairs (x; l), where x is an element of Z n d that is a word x n?1 x n?2 x 1 x 0 where the letters belong to Z d and 0 l n (l is called the level). For l < n, a vertex (x n?1 x n?2 x 1 x 0 ; l) is joined by an arc to the d vertices (x n?1 x l+1 ; ; x l?1 x 0 ; l + 1) where is any element of Z d .B F(d; n) has (n + 1)d n vertices. Each vertex in level l < n has out-degree d. This digraph is not strongly connected. It is mainly used as a multistage interconnection network (the levels corresponding to the stages) in order to route some one-to-one mapping of d n inputs (nodes at level 0) to d n outputs (nodes at level n).
The underlying undirected graph obtained by ignoring the orientation will be denoted BF(d; n). Note thatBF(d; n) is often represented (for example in [13, 15] ) in an opposite way to our drawing as the authors denote the nodes (x 0 x 1 x n?1 ). We have chosen the representation which most emphasizes the recursive decomposition ofBF(d; n) and provides us with an easy representation of our inductive construction (see section 3).
Definition 1.2
The wrapped Butterfly digraphWBF(d; n) is obtained fromBF(d; n) by identifying the vertices of the last and first levels namely (x; n) with (x; 0). In other words the vertices are the ordered pairs (x; l) where x is an element of Z n d , that is a word x n?1 x n?2 x 1 x 0 where the letters belong to Z d and l 2 Z n (l is called the level). For any l, a vertex (x n?1 x n?2 x 1 x 0 ; l) is joined by an arc to the d vertices (x n?1 x l+1 ; ; x l?1 x 0 ; l + 1) where is any element of Z d (and where l + 1 is taken modulo n).
Usually to represent the wrapped Butterfly (di)graph we use the representation ofBF(d; n) by repeating level 0 at the end. Hence the reader has to remember that levels 0 and n are identified forWBF(d; n).W BF(d; n) is a d-regular digraph with nd n vertices; its diameter is 2n ? 1 . The underlying wrapped Butterfly network will be denoted WBF(d; n); it is easy to see that this graph is regular of degree 2d, and has diameter b 3n 2 c. It corresponds to a partition of the vertices of G into circuits.
Definition 1.5 A Hamilton cycle (resp. circuit) of a graph (resp. digraph) is a cycle (resp. circuit) which contains every vertex exactly once.
Definition 1.6
We will say that a graph (resp. digraph) has a Hamilton decomposition or can be decomposed into Hamilton cycles (resp. circuit) if its edges (resp. arcs) can be partitioned into Hamilton cycles (resp. circuits).
Remark 1 A Hamilton circuit is a connected 1-difactor.
The existence of one and if possible many edge(arc)-disjoint Hamilton cycles (circuits) in a network is advantageous for algorithms that make use of a ring structure. Furthermore, the existence of a Hamilton decomposition also allows the message traffic to be evenly distributed across the network. Various results have been obtained about the existence of Hamilton cycles in classical networks (see for example the survey [2, 11] ). For example it is well-known that any Cayley graph on an abelian group is Hamiltonian. Furthermore it has been conjectured by Alspach [1] that: Conjecture 1 (Alspach) Every connected Cayley graph on an abelian group has a Hamilton decomposition.
This conjecture has been verified for all connected 4-regular graphs on abelian groups in [9] . This includes in particular the toroidal meshes (grids). It is also known that H(2d), the hypercube of dimension 2d, can be decomposed into d Hamilton cycles (see [2, 3] ).
Concerning line digraphs, it has been shown in [12] 
Hamilton circuits. In the case of de Bruijn and Kautz digraphs which are the simplest line digraphs, partial results have been obtained successively in [14] and [6] respectively, and near optimal results have been obtained for undirected de Bruijn and Kautz graphs [4] .
Results for the Butterfly networks
The wrapped Butterfly (di)graph is actually a Cayley graph (on a non abelian group) and a line digraph. So the decomposition into Hamilton cycles (resp. circuits) of this graph (resp. digraph) has received some attention. First it is well-known thatWBF(d; n) is Hamiltonian (see [13, page 465] for a proof in the case d = 2). In [7] , Barth In this paper we focus mainly on the decomposition of the wrapped Butterfly digraphWBF(d; n). Our main result implies that the number of arc-disjoint Hamilton circuits contained inWBF(d; n) can only increase when n increases. By the proposition (1.1) it suffices to prove the conjecture for n = 2. Using results of section 4 on the conjunction of graphs, we have been able to reduce the study to prime degrees. So conjecture (4) would follow from conjecture (5 Finally, the methods used in this paper are combined with other ideas and applied to the undirected case to prove conjecture (2) in a forthcoming paper [8] . 
Circuits and Permutations
More definitions
First, we will show that the existence of k arc-disjoint Hamilton circuits inWBF(d; n), is equivalent to the ability to route k compatible cyclic realizable permutations between levels 0 and n inBF(d; n).
For this purpose we need some specific definitions.
In this paper, will always denote a permutation of Z n d which associates to x, the element (x).
The composition 0 of two permutations and 0 is the permutation which associates to the element a the element ( 0 (a)).
Definition 2.1 A permutation is cyclic if for some x all the elements i (x) are distinct for 0 i < d n .
Remark 2
Note that if is cyclic, then for every x the elements i (x) are all distinct. In fact to verify that is cyclic it suffices to verify that for a given x, i (x) 6 = x for 1 i < d n . Indeed, if there exists j and k with j > k such that j (x) = k (x) then j?k (x) = x.
For example, the permutation which associates to a the element a + 1 is clearly cyclic as i (a) = a + i.
It follows from the definition ofBF(d; n) that there exists a unique dipath connecting a vertex (x; 0) to a vertex (y; n). So we can associate to a permutation of Z n d a set of dipaths inBF(d; n) connecting vertex (x; 0) to vertex ( (x); n) for any x in Z n d .
Following the terminology used in multistage interconnection networks, where one wants to connect inputs to outputs via disjoint paths, we introduce the notation of realizable permutations. Definition 2.2 A permutation is realizable inBF(d; n) or equivalentlyBF(d; n) realizes the permutation if the d n associated dipaths from the inputs to the outputs are vertex-disjoint.
Finally, following the terminology of Eulerian graph theory we say: Definition 2.3 A set of k permutations 0 ; 1 ; ; k?1 realizable inBF(d; n) is compatible if the kd n dipaths from (x; 0) to ( j (x); n) for x in Z n d and 0 j k ? 1 are arc-disjoint. We will also say thatBF(d; n) realizes k compatible permutations.
Warning:
In the whole paper we are working with permutations which are mathematical objects independent of the graph for which they can be either realizable or compatible. In contrary the realizability or compatibility is a property related to the graphs on which it applies.
Hamilton circuits and permutations
We are now ready to prove that there is an immediate connection between the existence of compatible cyclic realizable permutations inBF(d; n) and that of arc-disjoint Hamilton circuits inWBF(d; n).
Lemma 2.1WBF(d; n) contains k arc-disjoint Hamilton circuits if and only ifBF(d; n) realizes k compatible cyclic permutations.
Proof. First let us show how to associate to a cyclic permutation realizable inBF(d; n) a Hamilton circuit ofWBF(d; n) and conversely.
Let be a cyclic permutation of Z n d . Let x be a given element of Z n d and let P i be the unique dipath ofBF(d; n) joining ( i (x); 0) to ( i+1 (x); n). As is cyclic all the i (x) are distinct. So, if is realizable, the dipaths P i are vertex-disjoint. Let P 0 i be the dipath ofWBF(d; n) obtained from P i by identifying ( i+1 (x); n) with ( i+1 (x); 0). Now the end vertex of P 0 i is the initial of P 0 Conversely, let H be a Hamilton circuit ofWBF(d; n). Let (x 0 ; 0); ; (x i ; 0); ; (x d n ?1 ; 0) be the vertices we meet successively on level 0 by following the cycle H. Let us consider the permutation defined by (x i ) = x i+1 . As H is a Hamilton circuit, all the x i 's are distinct so is cyclic; furthermore all the inside dipaths are vertex-disjoint, so is a cyclic realizable permutation iñ
BF(d; n).
To prove the lemma it suffices to note that the definition of compatible permutations has been done in order that the dipaths associated to the permutation are arc-disjoint and so their concatenation form arc-disjoint Hamilton circuits, and conversely (see Figure ( 2)). 3 Recursive construction
Recursive decomposition ofBF(d; n)
The permutation networkBF(d; n) has a simple recursive property: the n + 1 first levels of Right Butterflies Left Butterflies 
Iterative Construction
We will now give a simple construction which enables us to construct p compatible cyclic realizable permutations inBF(d; n + 1) from p compatible cyclic realizable permutations inBF(d; n).
In what follows we will use the letter M to indicate a permutation of Z d and M x to denote a permutation realizable in the right
then the arcs joining the vertices ax on level n ofBF(d; n+1) to the vertices M x (a)x on level n+1
are disjoint and form a perfect matching inK d;d (x).
To be able to prove an inductive lemma we need another definition. 
Proof.
A computer search has given a decomposition ofWBF(2; 4) into two arc-disjoint Hamilton circuits. Therefore by proposition (3.1)WBF(2; n) has a Hamilton decomposition for any n 4. For 1 n 3, an exhaustive computer search shows that there cannot exist two arc-disjoint Hamilton circuits. we have found by computer search 4 (resp. 6) arc-disjoint Hamilton circuits inWBF(4; 2) (resp. WBF(6; 2)). So by proposition (3.1),WBF(4; n) (resp.WBF(6; n)) contains 4 (resp. 6) arcdisjoint Hamilton circuits.
2
As seen in the proof above there exists a Hamilton decomposition ofWBF(d; n) for n 2 and d = 4, 6. These results and those of the next section lead us to propose the following conjecture, which would completely close the study of the Hamilton decomposition ofWBF(d; n). 2) into Hamilton circuits
Decomposition ofWBF(d;
Line digraphs and conjunction
We need some more definitions and results concerning conjunction, line digraphs and de Bruijn digraphs. 
Proof. Equality (1) is well known, and even sometimes considered as the proper definition of de Bruijn digraphs (see [10, 15] ).
Result (2) can be found in [16] and can be proved as follows:
which is indeedB(d 1 ; n) B (d 2 ; n).
Result (3) 2), the vertices (y 0 ; l + 1) are exactly the out-neighbors of (x 0 ; l) inWBF(d; n). The second part of the equality is due to the fact that
An example is displayed in Figure ( Proof.C qs C qr is a regular digraph with in-and out-degree 1. So it is the union of circuits. Starting from a vertex (u; v) we find at distance i the vertex (u + i; v + i) where u + i (resp. v + i) has to be taken modulo qs (resp. qr). So the length of any circuit is the smallest common multiple of qs and qr, that is qrs as r and s are relatively prime. As the number of vertices in the digraph is q 2 rs there are q such cycles. . AsC n C n = nC n (from lemma (4.1) with q = n and s = r = 1), then we obtain: So by corollary (4.2) it is enough to prove conjecture (6) for every power p i of a prime number p.
Reduction to the case where p is prime
We would like to prove thatWBF(d; 2) =B(d; 2) C 2 has a Hamilton decomposition. This appears to be quite difficult. However, we will prove that for n 3,B(d; 2) C n has a Hamilton decomposition. Such a decomposition will then be sufficient to reduce the problem to the case of prime degrees.
Lemma 4.2
For any number n 3 and any prime p,B(p; 2) C n can be decomposed into p Hamilton circuits.
Proof. Let the nodes ofB(p; 2) C n be labeled (xy; l) with x 2 Z p , y 2 Z p and l 2 Z n .
The digraphB(p; 2) C n is similar to the wrapped Butterfly digraph, and we can define a multistage network by duplicating level 0 to obtain level n. Formally this multistage network isB(p; 2) P n whereP n is a directed path of length n (i.e. with n + 1 vertices); its vertices will be labeled (xy; l) with x 2 Z p , y 2 Z p and l 2 f0; 1; ; ng.
Like in section 2, we can define a notion of realizable permutation inB(p; 2) P n except that now there is more than one dipath connecting (xy; 0) to ( (xy); n). We will say thatB(p; 2) P n realizes k compatible permutations of Z 2 p , 0 ; 1 ; : : : ; k?1 if there exist kp 2 dipaths P j (xy), 0 j k ? 1, xy 2 Z 2 p , where P j (xy) connects (xy; 0) to ( j (xy); n) inB(p; 2) P n , satisfying the following properties. For a given j the p 2 dipaths P j (xy) are vertex-disjoint (realizability property) and all the kp 2 dipaths P j (xy) are arc-disjoint (compatibility property).
Using the same argument as in lemma (2.1), we can establish thatB(p; 2) C n can be decomposed into p Hamilton circuits if and only ifB(p; 2) P n realizes p compatible cyclic permutations.
We will show by induction thatB(p; 2) P n realizes p compatible cyclic permutations; more exactly we will prove that if the property is true for n, it is also true for n + 3. First we give for n = 3; 4 and 5 the dipaths P j (xy) associated with compatible cyclic permutations.
In all the dipaths that we consider, a vertex (xy; l) is followed by a vertex (yx 0 ; l + 1) with x 0 = g l (x; y; j) = ax + f(y) + cj, where a; f and c depend on the level l, 0 j p ? 1.
RR n˚0123456789
For any j, the dipaths P j (xy) are vertex-disjoint if and only if at each level two distinct vertices (x 1 y 1 ; l) and (x 2 y 2 ; l) are followed by two distinct vertices (y 1 x 0 1 ; l+1) and (y 2 x 0 2 ; l+1). As p is a prime, this is realized if and only if the coefficient a of x in g l (x; y; j) is different from 0. Indeed, if y 2 x 0 2 = y 1 x 0 1 then y 2 = y 1 and x 0 2 = x 0 1 . So ax 2 + f(y 2 ) + cj = ax 1 + f(y 1 ) + cj and as y 2 = y 1 , this implies ax 2 = ax 1 , which in turn implies, as p is a prime number, either a = 0 or x 2 = x 1 .
Similarly the dipaths P j (xy) are arc-disjoint if and only if for given l; x; y, g l (x; y; j) = g l (x; y 0 ; j) are different. This is satisfied if and only if c 6 = 0, as p is a prime number.
Since a vertex of level l is always followed by a vertex of level l+1, we will simplify the notation in the following by omitting the values of the levels from the labels of the vertices.
Initial constructions
Let 0 denote the function of Z p into f0; 1g:
0 if x 6 = 0 n = 3 P j (xy) = xy y(x + y + j) (x + y + j)(x + 1) (x + 1)(y + 0 (x + 1)) n = 4 P j (xy) = xy y(x + j) (x + j)(y + j) (y + j)(x + 1) (x + 1)(y + 0 (x + 1)) n = 5 and p 6 = 2 P j (xy) = xy y(x + y + j) (x + y + j)(x + 2j) (x + 2j)y y(x + 1) (x + 1)(y + j + 0 (x + 1)) n = 5 and p = 2 P j (xy) = xy y(x + y + j + 1) (x + y + j + 1)(y + j) (y + j)(x + j + 1) (x + j + 1)y y(x + 1)
In all the cases one can easily verify that the functions g l (x; y; j) are of the form ax+f(y)+cj with a 6 = 0 and c 6 = 0. To complete the proof it remains to note that in the three first cases the permutation induced by the construction (xy) = (x + 1)(y + cj + 0 (x + 1)) is cyclic, and that in the case n = 5, p = 2 (xy) = y(x + 1) is also cyclic as p = 2.
Induction step
The induction step follows from two facts. First, it can be easily seen thatB(p; 2) P n+m realizes p Finally we looked for very special Hamilton circuits H 0 . This enabled us to find a solution for every prime p between 7 and 12000. More precisely, we searched for parameters and in Z p such that H 0 is given by the following set of arcs:
Conclusion
In this paper, we have shown that in a lot of cases Butterfly digraphs have a Hamilton decomposition and give strong evidence that the only exceptions areWBF(2; 2),W BF(2; 3) andWBF(3; 2). We have furthermore reduced the problem to checking if L(K p;p ) has a Hamilton decomposition for p prime (or equivalently thatK p;p has an Eulerian compatible decomposition). We have also shown that such a decomposition will follow from the solution of a problem (conjecture (7)) in number theory. Our interest came from a conjecture of D. Barth and A. Raspaud [7] concerning the decomposition of Butterfly networks into undirected Hamilton cycles. This conjecture is solved in [8] by generalizing the techniques of section 3.2.
Finally we have seen in proposition (4.4) that the techniques can be applied to obtain results on the Hamilton decomposition of de Bruijn digraphs. In this spirit it will be interesting to solve the following problem:
Problem: Determine the smallest integer f d (n) such thatB(d; n) C f d (n) has a Hamilton decomposition.
A proof similar to that of lemma (4.2) should lead to f d (n) n + 1. Conjecture (6) is, for a given d, equivalent to f d (n) n.
